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A NOTE ON MUMFORD-ROITMAN ARGUMENT ON CHOW SCHEMES
KALYAN BANERJEE
ABSTRACT. In this notewe are going to understand twoquestions. One
is the fiber of the natural map from a projective algebraic group G to
G/Γ, where Γ denotes the Γ-equivalence on G. The other one is to
define a natural map from Hilbert scheme of the generic fiber of a fi-
bration X → S to the Chow group of relative zero cycles on X → S and
to understand the fibers of this map.
1. INTRODUCTION
In the breakthrough paper [M], Mumford had sketched an outline of
the fact that the fibers of the naturalmap from the symmetric powers of a
smoothprojective variety X to theChow groupof X are countable unions
of Zariski closed subsets inside the symmetric powers of X . In the paper
by [R] Roitman has proven that the fibers are indeed countable union of
Zariski closed subsets inside the symmetric powers of the smooth projec-
tive variety X . That is the departing point of this article. We ask the same
questionbut for Γ-equivalence on projective algebraic groups. Here Γ is a
smooth projective curve. Twopoints g ,h onG are said to beΓ-equivalent,
if there exists two points 0,∞ on Γ, and a rationalmap f from Γ toG such
that
f (0)= g , f (∞)= h .
Now we consider the natural map θ from G to G/Γ, where Γ denotes
the Γ-equivalence relation and ask what is the kernel of θ or the fiber of θ
over e , the identity element ofG . So our main theorem of this article is as
follows.
Let G be a projective algebraic group over an uncountable, algebraically
closed ground field k. Let θ denote the natural map from G to G/Γ. Then
θ−1([e]) is a countable union of translates of an abelian variety A0 of G.
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Toprove thatwemainly used theRoitman’s technique to stratify θ−1([e]),
in terms of quasi-projective schemes and show that the Zariski closure
of each of them is again in θ−1([e]), obtaining that θ−1([e]) is a count-
able union of Zariski closed subsets ofG . Then the uncountability of the
groundfield is coming into the picture, giving us the fact that one of these
Zariski closed subsets is actually an abelian variety andweobtain the oth-
ers as the translates of the abelian variety. Over complex numbers the
picture is much more interesting, because we can use the analytic struc-
ture of G , that it is a complex compact manifold and θ−1([e]) is a locally
compact hausdorff topological subgroup of it. Hence it is a Baire sub-
space ofG giving us that only finite number of translates give us θ−1([e]).
This is our final theorem.
Let G be a projective algebraic group over C. Consider the natural map
θ fromG to G/Γ. Then θ−1([e]) is a finite union of translates of an abelian
subvariety A0 of G. Hence θ
−1([e]) is an algebraic subgroup of G.
The next section is devoted to relative zero cycles which was first intro-
duced by Suslin and Voevodsky in [SV]. We define the Chow group of rel-
ative zero cycles and produce a natural map from the Hilbert scheme of
length d zero dimensional subschemes on the generic fiber of a fibration
X → S, (X ,S smooth projective) to the Chow group of relative zero cy-
cles on X → S. We prove that the fibers of this map is countable union of
Zariski closed subschemes in the Hilbert scheme. Here we use the tech-
niques coming from [R] to prove this result, also a sketch of this proof was
given by Mumford in [M].
Acknowledgements: The author would like to thank the ISF-UGC grant for
funding this project and is grateful to the hospitality of Indian Statistical In-
stitute, Bangalore Center for hosting this project. The author also thanks the
anonymous referee for pointing out an inaccuracy about R-equivalence in the
earlier version of the paper. Finally the author is grateful to Vladimir Guletskii
for telling the problem about generalization of theMumford-Roitman argument
for the case of relative cycles, to the author.
2. PRELIMINARIES
Let G be a projective algebraic group over a ground field k. Two k-
points on G are said to be Γ-equivalent if there exists a chain of rational
maps from Γ connecting them. Precisely, let a,b be two k-points on G .
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They are said to be Γ-equivalent if there exists rational morphisms f :
Γ→G , 0,∞ in Γ such that
f (0)= a, f (∞)= b .
Let Γ(e) be the class of the identity e of G under the above relation,
that is collection of all k-points of G , Γ-equivalent to e . Then Γ(e) is a
subgroup ofG andG/Γ(e) is a group.
2.1. Mumford-Roitman techniques. Let us consider the following map
θ :G→G/Γ(e), define by
θ(g )= [g ]
where [g ] denotes the class of g in G/Γ(e). Since the addition law in
G/Γ(e) is defined to be
[g ]+ [h]= [g +h]
we get that θ is a homomorphism of groups. We are interested to under-
standwhat is the kernel of θor θ−1([e]). Therewas a similar such question
asked for the natural map from the symmetric power of a fixed degree of
an algebraic variety to the Chow group of zero cycles. It was sketched in
Mumford’s article [M] and later proved by Roitman in [R], that the fiber
over zero of a such a natural map is a countable union of Zariski closed
subsets of the symmetric power of the given algebraic variety. In this sec-
tion we are going to adapt the techniques present in the Roitman’s proof
in [R] to our set up to derive at the fact that θ−1([e]) is a countable union
of translates of an algebraic variety.
Proposition 2.2. Let θ be the natural map from G to G/Γ(e) defined as
above. Then θ−1([e]) is a countable union of translates of Zariski closed
subsets of G.
Proof. Consider θ−1([e]). Suppose that g belongs to θ−1([e]), that means
that there exists f : Γ→G such that f (0)= g and f (∞)= e . Now the idea
in the Roitman’s proof is to stratify θ−1([e]) by the degree of f . Consider
T d (e)= {g ∈G |∃ f ∈Homv (Γ,G), f (0)= g , f (∞)= e} .
Here Homd (Γ,G) is the hom-scheme parametrizing the degree d mor-
phisms from Γ to G , it is known to be a quasi-projective subscheme of
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the Hilbert scheme of Γ×G , parametrizing subvarieties of Γ×G having
Hilbert polynomial d . It is easy to see that
θ−1([e])=∪d∈NT
d (e) .
Now we prove that each T d (e) is a quasi-projective subscheme of G . For
that consider the Cartesian diagram
Vd =Hom
d (Γ,G)×G×GG

// G

Homd (Γ,G)
ev
// G ×G
Where the morphism ev is given by
ev( f )= ( f (0), f (∞))
and the morphism from G to G ×G is given by g 7→ (g ,e). Then it is easy
to check that T d (e) is nothing but π(Vd ), where π is the projection from
Vd to G . Since Vd is a quasi-projective scheme, we get that π(Vd ) is a
quasi-projective subscheme of G . Therefore T d (e) is a quasi-projective
subscheme ofG .
Now we prove that T d (e) is a subset of θ−1([e]) proving that θ−1([e]) is
a countable union of Zariski closed subsets of G . Let g belongs to T d (e).
Then we have to prove that there exists f :Γ→G such that
f (0)= g , f (∞)= e .
LetW be an irreducible component of T d (e) whose Zariski closure con-
tains the point g . LetU be an affine neighborhood of g such thatU ∩W
is non-empty. Let us take an irreducible curveC passing through g inU .
Let C¯ be the Zariski closure ofC in W¯ . Now embeddingG inG ×G by the
homomorphism g 7→ (g ,e), we have the regular morphism
ev : Homd (Γ,G)→G ×G
given by
ev( f )= ( f (0), f (∞))
and T d (e) is the image of themorphism ev . Then we can choose a quasi-
projective curve T in Homd (Γ,G) such that the closure of ev(T ) is C¯ . We
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give details of the construction of T . Let us consider ev−1(C¯ ). It is of di-
mension greater or equal than 1. So it contains a curve. Consider two
distinct points on C , consider their inverse images, then there will be a
curve in ev−1(C ) which map to the curve C . Then this curve is our re-
quired curve T .
Now let T¯ be the closure of T in PN
k
. Let T˜ be the normalization of
T¯ and let T˜0 be the inverse image of T in T˜ . Consider the evaluation
morphism
f0 : T˜0×Γ→ T ×Γ⊂Hom
d (Γ,G)×Γ
e
→G
where
e : ( f , t ) 7→ f (t ) .
This defines a rational map from T˜ ×Γ to G , since T˜ is non-singular, on
each fiber T˜ × {Q}, f0 defines a regular map from T˜ to C¯ . So the regular
morphism T˜0→ T → C¯ extends to a regular morphism T˜ → C¯ . Let P be a
point in the fiber of thismorphismover g . For any closed k-pointQ on Γ,
T × {Q} maps onto C¯ . Then we get that there exists x0,x1 on Γ such that
f0|T˜×{x0}(P )= g , f0|T˜×{x1} = e .
This gives us that g is Γ-equivalent to e . So we get that θ−1([e]) contains
T d (e). So we can write θ−1([e]) as a countable union of Zariski closed
subsets ofG . 
3. VARIETIES OVER UNCOUNTABLE GROUND FIELDS
In this section we prove that θ−1([e]) is a countable union of translates
of an abelian variety, when the ground field is uncountable.
First we prove the following few lemmas.
Lemma 3.1. Let X be a projective variety over an uncountable groundfield
k. Then X cannot be written as a countable union of proper Zariski closed
subsets of itself.
Proof. Suppose that X can be written as a countable union of proper
Zariski closed subsets of it. By Noether’s normalization there exists a fi-
nite map from X → Pm
k
where m = dim(X ). Since X can be written as a
countable union of Zariski closed subset of itself, we can write Pm
k
as a
countable union of Zariski closed subsets of itself, say
P
m
k =∪i∈NZi .
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Since the collection of Zi ’s is countable and the groundfield k is uncount-
able, we get that there exists a hyperplane H not contained in any of the
Zi ’s. So we can write
P
m−1
k =H =∪i∈N(Zi ∩H) .
Continuing this process we obtain that P1
k
is a countable union of its k-
points, which contradicts the assumption that k is uncountable. 
Lemma 3.2. Let k be uncountable. Let Z = ∪i∈NZi be a countable union
of Zariski closed subsets embedded in some Pm
k
. Then we can write Z as a
unique irredundant countable union of irreducible Zariski closed subsets
of Pm , that is
Z =∪i∈NAi
such that Ai 6⊂ A j for i 6= j and this decomposition is unique.
Proof. We write each Z j as a finite union of irreducible components say,
Zi =∪
ki
l=1
Z ′il
. Then we get that
Z =∪i (∪Z
′
i1
∪·· ·Z ′ik )
for simplicity we write the above as
∪iBi
where each Bi is irreducible. Now order the Bi ’s by set inclusion and only
consider those Bi ’s which are maximal with respect to inclusion. Then
we get an irredundant decomposaition cupiBi . Now we have to prove
that this decomposition is unique. Suppose that there exists another de-
composition∪ j∈NA j . Then observe that each A j is contained in someBi ,
otherwise, we can write
A j =∪i∈N(A j ∩Bi )
where A j ∩Bi is a proper closed subset of A j , which contradicts the pre-
vious lemma 3.1. Similarly Bi is contained in some Ak , so we get that
A j = Ak and consequently A j = Bi . So we get that the decomposition is
unique. 
Proposition 3.3. θ−1([e]) is a countable union of translates of an abelian
subvariety of G.
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Proof. By the previous two lemmas 3.1, 3.2 we get that θ−1([e]) is a count-
able union of Zariski closed closed subsets in G such that the union is
irredundant. So let θ−1([e]) is a countable union say ∪i∈NAi , such that
Ai 6⊂ A j for i 6= j . Then we claim that there exists a unique A0 among
these Ai ’s which passes through e and moreover this A0 is an abelian
variety. So suppose that there exists A0, · · · ,Am passing through e , then
consider A0 + ·· · + Am . Since θ
−1([e]) is a subgroup of G , we get that
A0+·· ·+ Am is a subset of θ
−1([e]). Since it is the image of the morphism
A1×·· ·× Am →G given by
(a1, · · · ,am) 7→ a1+·· ·+am
it is irreducible and Zariski closed. Therefore by lemma 3.1, it must land
inside some A j . Also since e belongs to A0, · · · ,Am , we get that Ai ⊂ A1+
·· · + Am ⊂ A j , for all i = 0, · · · ,m. So by the irredundancy we get that
A0 = A1 = ·· · = Am . So A0 is the unique irreducible Zariski closed subset
in the decomposition∪i Ai such that it passes through e .
Now we claim that A0 is an abelian variety. For that suppose that x ∈
A0. Then consider−x+A0, since translation by−x is a homeomorphism,
−x + A0 is Zariski closed and irreducible. Hence by 3.1, it is a subset of
some A j . Now e belongs to−x+A0 and there passes a unique A0 through
e so we get that A j = A0 and hence −x + A0 ⊂ A0. Now we show that
A0+ A0 is inside A0. For that we observe that A0+ A0 is the image of the
regular morphism from A0× A0 toG given by
(a,b) 7→ a+b .
Then again by lemma 3.1, A0+ A0 is inside some A j and A0 is inside A0+
A0, so we get that A j = A0. So A0 is an abelian variety.
Therefore we can write
θ−1([e])=∪x∈θ−1([e])(x+ A0)
where the above union is disjoint. We prove that the above union is ac-
tually countable. So let us consider x + A0, since it is Zariski closed ir-
reducible, it must land inside some A j . So we get that A0 ⊂ −x + A j , by
similar argument we get that −x+ A j ⊂ Ak so we get that Ak = A0,which
in turn gives us that x+A0 = A j , since there are only countablymany A j ’s
we get only countably many x+ A0’s giving us
θ−1([e])=∪i∈Nxi + A0 .
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4. PROJECTIVE ALGEBRAIC GROUPS OVER C
In this section we are going to understand that θ−1([e]) is actually a
finite union of translates of an abelian subvariety ofG , when the ground
field is complex numbers.
Proposition 4.1. LetG be a projective algebraic group overC. Then θ−1([e])
is a finite union of translates of A0.
Before going to the proof of the theorem we recall the definition of a
Baire space. A topological space X is called Baire, if any countable union
of closed sets having non-empty interior implies that one of them has
non-empty interior. Any complete metric space or a locally compact
Hausdorff space is Baire. Also if X is a non-empty Baire space, which is a
countable union of closed subsets, then it follows that one of the closed
subsets has non-empty interior.
Proof. By the proposition 3.3
ker(θ)=∪i∈N(xi + A0)
since A0 is an abelian subvariety inG it is closed in the analytic topology.
Also G is a metric space and A0 is closed, so it is complete under this
metric. Nowwe claim that ker(θ) is complete under thismetric. So take a
Cauchy sequence {yn}n in ker(θ). We claim that there exists some n0 ∈N
such that for all n ≥ n0, yn belongs to one of the xi + A0. Suppose the
opposite. That is for each N , there exists n,m ≥ N such that yn belongs
to one xi + A0 and ym belongs to x j + A0, where (xi + A0)∩ (x j + A0)=;.
Now given any ǫ> 0, there exists N ∈N such that for n,m ≥N we have
d(xn ,xm)< ǫ .
Now take ǫ to be less than the infimum of d(yn ,a), where yn belongs to
xi + A0 and a ∈ x j + A0, where (xi + A0)∩ (x j + A0)=;. Then for largem
we have
d(yn , ym)< ǫ
but on the other hand
d(yn , ym)≥ in f (d(yn ,a)) ,
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where a varies in x j+A0. Since x j+A0 is compact in the analytic topology
we have that, there exists b such that
in f (d(yn ,a))= d(yn ,b) .
Now if d(yn ,b) = 0 then we have yn = b, but (xi + A0)∩ (x j + A0) =;. So
d(yn ,b)> 0, therefore choosing ǫ to be less than in f (d(yn ,a)) we get that
d(yn , ym)≥ ǫ
contradicting the fact that {yn}n is Cauchy. So there exists N ∈ N such
that for all n ≥ N we have yn belongs to one fixed xi + A0. Since x+ A0 is
complete for each x ∈G , we get that the sequence {yn}n converges in xi +
A0. Hence ker(θ) is complete. So it is a Baire space. Therefore there exists
one xi such that the interior of xi + A0 is non-empty. Since translation
by −xi is a homeomorphismwe get that the interior of A0 is non-empty.
Now A0 is a topological subgroup of ker(θ) whose interior is non-empty.
So A0 is open in ker(θ). Therefore each xi + A0 is open in ker(θ). So we
have an open cover of ker(θ). Since ker(θ) complete in the given metric,
it is closed in A0. So it is compact in the analytic topology ofG . Therefore
we get that a finitely many xi + A0 cover ker(θ). So ker(θ) is a finite union
of translates of A0. Since each xi + A0 is Zariski closed and irreducible in
G , we get that ker(θ) is an algebraic subgroup ofG . 
5. RELATIVE RATIONAL EQUIVALENCE AND THE MUMFORD-ROITMAN
TYPE ARGUMENT
Now we would like to generalize theMumford-Roitman argument say-
ing that the natural map from the Chow variety of a smooth projective
variety to the Chow group of the variety itself, has the fibers equal to a
countable union of Zariski closed subsets of the Chow variety. All this is
happening over an uncountable ground k. Now we suppose that X is a
smooth-projective scheme over another Noetherian scheme S. Then we
observe that there is a natural map from the k(S)-points of the Hilbert
scheme Hilbd (X /S) to CH0(X /S). We prove that the fibers of this map is
a countable union of Zariski closed subschemes in Hilbd (X /S)(η), where
η is the generic point of S.
First of all we recall the definition of the relative cycles on the scheme
X /S due to [SV]. A relative cycle of relative dimension r on X , is an alge-
braic cycle such that all its prime components maps to the generic point
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η of S and for any k-point P on S, the pullback with respect to any fat
point corresponding to P coincide. Now observe that any r -cycle on X
which is flat over S, that is its composition of Z → X → S is flat is a rela-
tive cycle. In view of this we consider the Hilbert schemeHilbd (X /S) and
its k(S) points, which is nothing but Hilbd (Xη), that is the length d zero
dimensional subschemes of Xη. Wedenote it by X
[d]
η , andwehave a natu-
ral map from X [d]η toZ0(X /S) associating a zero dimensional subscheme
of length d to its fundamental cycle. For sake of convenience we identify
X [d]η with its image under the Hilbert-Chowmorphism to the symmetric
power SymdXη, and denote it by the same notation X
[d]
η .
We define the rational equivalence on Z0(X /S) as follows. Let Z1,Z2
be two relative cycles of relative dimension 0, they are said to be ratio-
nally equivalent if there exists amorphism f :P1S → Sym
dX and a relative
effective zero cycle B , such that image of f and support of B is contained
in X [d ,d]η , and f (0, s)= Z1+B ; , f (∞, s)= Z2+B In the following we denote
X
[d1,··· ,dn ]
η to be
∏
i X
[d1]
η .
Proposition 5.1. The naturalmap θX /S from X
[d ,d]
η to CH0(X /S)has fibers
equal to a countable union of Zariski closed subschemes of X [d ,d]η .
Proof. Let Wd be the subset of X
[d ,d]
η consisting of pairs (A,B), where
θX /S(A,B) is relatively rationally equivalent to 0 on CH0(X /S). LetW
u,v
d
be the subset of X [d ,d]η which consists of pairs (A,B), such that there exists
f in Homv (P1
S
,X [d+u,d]η ) with f (0, s)= (A+C ,C ) and f (∞, s)= (B +D,D).
Then we have (A,B) relatively rationally equivalent. Then it is easy to see
thatW u,v
d
is a subset ofWd . On the other hand suppose that (A,B) be-
longs toW d . Then there exists f :P1S → X
[d ,d]
η and a relative zero cycle C ,
such that image of f is contained in X [d ,d]η and we have
f (0, s)= A+C , f (∞, s)=B +C
then we can find u,v such that (A,B) belongs toW du,v .
Now we prove that the setsW u,v
d
is a quasiprojective variety in X [d ,d]η
and its Zariski closure is contained in Wd . Then we can write Wd as a
countable union of Zariski closed subsets of X [d ,d]η . Consider the mor-
phism e fromHomv (P1S ,X
[d+u,u]
η )→ X
[d+u,u,d+u,u]
η , by sending amorphism
f to the pair ( fη(0), fη(∞)). The othermorphism from X
[d ,u,d ,u]
η to X
[d+u,u,d+u,u]
η
given by (A,C ,B ,D) 7→ (A+C ,C ,B +D,D). Then if we consider the fiber
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product of Homv (P1S ,X
[d+u,u]
η ) and X
[d ,u,d ,u]
η over X
[d+u,u,d+u,u]
η and call
itV . SO V consists of quintuples ( f ,A,C ,B ,D) such that
fη(0)= (A+C ,C ), fη(∞)= (B +D,D) .
Then pr2,4(V ) is contained inW
d
u,v . On the other hand suppose that we
have an element ofW du,v , the by definition ofW
d
u,v , we have an element of
V , such that if we apply pr2,4 to it we get (A,B). So we get that pr2,4(V )=
W du,v . Since V is a quasiprojective variety its image is quasiprojective.
Now we prove that
W u,v
d
= pr1,2(s˜
−1(W 0,v
d+u
×W 0,v
d
))
where
s˜(A,B ,C ,D)= (A+C ,B +D,C ,D)
from X [d ,d ,u,u]η to X
[d+u,d+u,u,u]
η . Let (A,B ,C ,D) be such that its image
under s˜ is in W 0,v
d+u
×W 0,vu . It means that there exists a morphism g in
Homv (P1
S
,X [d+u]η ) and another h in Hom
v (P1
S
,X [u]η ) such that gη(0)= A+
C ,g (∞)=B+D and hη(0)=C ,hη(∞)=D. Let us consider f = g ×h, then
f belong to Homv (P1S ,X
[d+u,u]
η ), with
θX /S( fη(0))= A,θX /S( f (∞))=B .
It means that (A,B) belong toW du,v .
On the other hand suppose that (A,B) belongs to W du,v . Then there
exists f in Homv (P1S ,X
[d+u,u]
η ) such that
fη(0)= (A+C ,C ), fη(∞)= (B +D,D) .
Compose f with the projections to X [d+u] and to X [u], then we have g in
Homv (P1S ,X
[d+u]
η ) and h ∈Hom
v (P1S ,X
[u]
η ), such that
gη(0)= A+C ,gη(∞)=B +D
and
hη(0)=C ,hη(∞)=D .
Therefore we have that
Wd = pr1,2(s˜
−1(Wd+u ×Wu)) .
Thenwe prove that the closure ofW 0,v
d
is contained inWd . Let (A,B) be a
closed point in the closure ofW 0,v
d
. LetW be an irreducible component
ofW 0,v
d
whose closure contains (A,B). LetU be an affine neighborhood
of (A,B) such thatU∩W is non-empty. Then there is an irreducible curve
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C inU passing through (A,B). Let C¯ be the Zariski closure ofC in W¯ . The
evaluationmap
e : Homv (P1S ,X
[d]
η )→ X
[d ,d]
η
given by
f 7→ ( f (s,0), f (s,∞))
is regular andW 0,v
d
is its image. Let us choose a curve T in Homv (P1S ,X
[d]
η )
such that the closure of e(T ) is C¯ . Consider the normalization T˜ of the
Zariski closure of T . Let T˜0 be the pre-image of T in the normalization.
Now the regular morphism T˜0 → T → C¯ extends to a regular morphism
from T˜ to C¯ . Now let f be a pre-image of (A,B). Then we have f (0, s) =
A; , f (0,∞)=B and the image of f is contained in X [d]η . Therefore A,B are
relatively rationally equivalent. 
REFERENCES
[Hum] J.Humphreys, Linear algebraic groups, Springer, Graduate texts in Mathe-
matics, Volume 21, 1975.
[M] D.Mumford,Rational equivalence for 0-cycles on surfaces., J.MathKyotoUniv.
9, 1968, 195-204.
[R] A.Roitman, Γ-equivalence of zero dimensional cycles (Russian), Math.
Sbornik. 86(128), 1971, 557-570.
[G] P.Gille, Lectures on R-equivalence on linear algebraic groups., online notes
(http://math.univ-lyon1.fr/homes-www/gille/prenotes/grenoble.pdf),
[Ma] Y.I.Manin, Cubic forms: algebra, geometry and arithmetic. second edition,
north-Holland.
[SV] A.Suslin, V.Voevodsky Relative cycles and Chow sheaves, AM-143, Princeton
Univertsity Press, 2000.
INDIAN STATISTICAL INSTITUTE, BANGALORE CENTER, BANGALORE 560059
E-mail address: kalyanb−vs@isibang.ac.in
12
